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V. On the Integrals of the Squares of Ellipsoidal Surface Harmonic Functions.

By G. H. Darwin, F.R.S., Plumian Professor and Fellow of Trinity College,
wn the Unwversity of Cambridge.

Received December 2,—Read December 10, 1903.

Tris paper forms a sequel to three others published in Series A of the ¢ Philosophical
Transactions,” namely, ““On Ellipsoidal Harmonic Analysis,” vol. 197, pp. 461--557,
“On the Pear-shaped Figure of Equilibrium of a Rotating Mass of Liquid,” vol. 198,
pp. 301-331, and ¢ On the Stability of the Pear-shaped Figure of Equilibrium, &ec.,”
vol. 200, pp. 251-314. I shall refer to these three papers as ¢ Harmonics,” “The
Pear-shaped Figure,” and * Stability.”

In “Harmonics,” the functions being expressed approximately, approximate
formulee are found for the integrals over the surface of the ellipsoid of the squares of
all the surface harmonics. These integrals are of course required whenever it is
proposed to make practical use of this method of analysis, and the evaluation of them
is therefore an absolutely essential step towards any applications.

The analysis used in the determination of some of these integrals was very
complicated, and is probably susceptible of improvement. Such improvement might
perhaps be obtained by the methods of the present paper, but 1 do not care to spend
a great deal of time on an attempt merely to improve the analysis.

In ¢ Harmonics” the symmetry which really subsists between the three factors of
the solid harmonic functions was sacrificed with the object of obtaining convenient
approximate forms, and I do not think it would have been possible to obtain such
satistactory results without this sacrifice.* But this course had the disadvantage of
rendering it difficult to evaluate the integrals of the squares of the surface harmonies.

All the harmonic functions up to the third order inclusive are susceptible of
rigorous algebraic expression ; and indeed the same is true of some but not of all the
functions of the fourth order. Accordingly in these cases rigorous expressions for the
integrals should also be obtainable, and the object of the present paper is to complete
the preceding investigation in this respect.

It will be well to begin by a restatement of the notation. That used in
“ Harmonics” was convenient for the approximate and asymmetrical expressions

* See Appendix, below.
VOL. CCIIL.—A 363, 25.3.04
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112 PROFESSOR G. H. DARWIN ON THE INTEGRALS OF THE

involved, but the notation used in the two later papers seems preferable where the
formulee are rigorous and symmetrical,
In “ Harmonies ” the squares of the semi-axes of the ellipsoid were

a® = [P (\vi e 11 i g), D* =k (v* — 1), ¢* = kWA

The rectangular coordinates were connected with ellipsoidal coordinates v, u, ¢ by

W L= B LB\ . B e
ZJZ— Y +IB(V e —B>(M )y *-,8) cos* ¢,

Y _ 2 2 1) ain?
Jo= — (¥ — 1) (F — 1) sin® P,

2 o o1 — Boos2¢

S

The three roots of the cubic

"o ) )
x® L T A
a4 + h* + u + & ’
were
; a0 1 co8 2
uwy = kWP, = Bt ony =k §~f 8 2¢

— B

Lastly v ranges from o to 0, p between 4+ 1, ¢ from 0 to 2.
- In the two later papers I put

— N 1
2= l=8 n_, v = e, p=8inf;

1+ 8 K SINL 7y
and for convenience | introduced an auxiliary constant B (easily distinguishable from
the B of the previous notation) defined by sin 8 = « sin y.
The squares of the semi-axes of the ellipsoid were then

o Kecos’y 44  Kcos*B ke
a? = L, D= =
sin* B’ sin? B’ sin® 3
The rectangular coordinates became
Y _ cos” ‘B 7

2 2
T =98y (] K sin*f) cos® ¢, 4

gin*d (1 —«'? cos?
B sin® B i n? B (1—x }).

cos® 0 sin® -
‘¢ 2 sin? ,8
The roots of the cubic were

w ="
' sin? B’

E1 = 2 cos? )

e = 2 gin? —
wy = k*sin* 0, 1y =

This is the notation which will be used in the present paper.
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SQUARES OF ELLIPSOIDAL SURFACE HARMONIC FUNCTIONS. 113

If do be an element of surface of the ellipsoid, and p the central perpendicular on
to the tangent plane, it appears from the formula at the foot of p. 257 of “ Stability ”

that
pdo _ FPeosBeosy k¥eos®d -+ k?sin®
. - . - 3

doddp —~  sin* B AT

where A* = 1 — «?sin®f, 1?°

= 1 — k"? cos® .
In the previous papers I have expressed the two factors of which a surface
harmonic consists by 387 (1) or P (n), and @7 ($), Cs ($), &2 (¢) or 8¢ ($), one of the

two P-functions being multiplied by one of the four cosine or sine functions.
Taking a pair of typical cases, the integrals to be evaluated are

j (P €)pdo and [ (s &2)Yp do.
As it will be convenient to use an abridged notation, I will write these integrals
I¢ (cos) and Iy (sin), according to an easily intelligible notation.

These functions involve integrals of even functions, and therefore we may integrate
through one octant of space, the limits of @ and ¢ being 47 to 0, and multiply the
result by 8.

It 1 clear then that

I (cog) = B cos B cosy [ f it cos” 0 (W) g9 j L@I F dg
0

sin® B8 \ 0

A
b [ gy [t e )

Similar expressions are applicable to all the other forms of function, but we may
proceed with this form as a type of all the others.

This formula shows that the variables are separable, and since we might substitute
$m — 3 for ¢ without changing the result, the ¢ integrals are of the same type as the
0 integrals.

It has been stated above that two of the roots of the cubic equation are proportional
to k¥ sin® 0 and (1 — «”* cos® ). By the nature of the harmonic functions it follows
that if [§3(u) P is proportional to a certain function of «*sin®@, [@:($) ] is proportional
to the same function of (1 — k™ cos® ¢).

It follows that if (§§7)* = £ (k* — «*sin® 0) = F (k* cos® 0)),

(€7 = ol (K — 1 + K? cos® ) = af' (- «* sin ),
where « is a constant, which for the present we may regard as being unity. If then
Pr () =4, + 4x°cos®0 + Ayrt cost @ + AguBcos®0 4 . ..,
we must have

(€ ()] = A, — A k*sin®p + Ag* sin* p — A0 sin®Pp + ..,

YOL. CCIIL—-A. Q
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114 _ PROFESSOR G. . DARWIN ON THE INTEGRALS OF THR

LEE) (lﬂ

~(~.(~Q, /1*}'26 .

n jx* cos? @ (QE )9 fmd a term
(‘l@ .

n
A

Accordingly if there is a term ,{l,,(
(—)4, (K'"’“ s;i.ng”'r/)(?‘ﬁ in ((@ﬁ')'ld:/), then there must be a term A4, [ 2 goatn @)
{(3}3 2 0 , and a term (—)"A4, j VR Gin® Y b (l'q’) It follows that the coeflicient of

. 813 cosBooq X
—_)"A4,4, m I ) -
( ) A4, in I (cos) in B

df ‘"

S ) adO [ . o,
(K?" + 2 cos™" + 2 0 it q”‘”u (/) (]S (___)/I =i+ 1 {K‘Zm C(\ng {) M j“K/.ZM + 2 mn?ﬂ + 2 d) (‘i)
J A A 1
For the sake of brevity I call this function [2n -} 2, 2m], and we may state that one
term in the required expression is (—)"4,4,,[2n +- 2, 2m], where [ ] indicates the

above function of the four integrals. It follows that /7 (cos) -+ 8k* cos 8 COSY

sin® B
A2, 0] = Ay4,[2, 2] + A4, [2, 4] — . . ‘\;
A A (4, 0] = AP[4, 2] 4 A Ay [ 4 — M
+ A,4,[6, 0] — 4,4, [6, 2]+ A,2[6, 4_,1»»...{ ‘ '
Since
— 2n 20 C]H ( ':2;;:[ . fM’ »»»»» RV 2 iy Qe dﬁ 12u 2n (’S
[2n, 2m] = j'/c cos H«A j;c s ¢ N (—) f}c sin® 0 A s' sin® ¢ i

it 1s clear that
[2n, 2m] = — (—=)"""[2m, 2n].

Hence if n and m differ by an odd number [2n, 2m] = [2m, 2n], and if they differ
by an even number [2n, 2m] = — [2m, 2n].  Also [2n, 2n] = 0.

. b d L d
Let us write {2n} = [ k* cos® 0 A onl = [ K/ s b —1»(?, so that
0 0 .

[2n, 2m] = {2n} (2m} — (=)"~" {20}’ {2m].

We must now evaluate these functions.
Since A? = 1 — «*sin* f, we have by differentiation

dv, M -3 —
70 [Asin 0 cos™~? 0] =

L {(2n— 1) kcos™l — (2n — 2) (k¥ — k) cos™ %0 — (2n — 3) K cos™ ~* 0},

Integrating between i and 0 and multiplying by «*~? we have

o2n — 3

2n — 1

120} = 2 — 1 K — k?) 20 — 2} - K {2n — 47},
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SQUARES OF ELLIPSOIDAL SURFACE HARMONIC FUNCTIONS. 115
and by symmetry

Zn——z

— o T = ) 20— 2 -|—Z'2 =3 et (20 — 41,
-

5 T N A
{an —1

Multlplymg the tirst of these by {2m}’ and the second by — (=)= {2m} and

adding together we have

" — 2
—1

-3

] Kk [2n — 4, 2m].

[2n, 2m]-—-rn— (¥ — ) [2n — 2, Z,m]—}—

By successive applications of this formula we may reduce any function [2n, 2m]
until it depends on [2, 0], but the result becomes very complicated after a few
successive reductions.

X . [&m d0 . r (10 a7
Now {0} = jo N F, {0} = j T =TI
I R R S PO e
v 0 Y0
Then [2, 0] = {2} {0} — (=)' {2} {0}

= B 4 I'F — FF.

But it is well known that this combination of the complete elliptic integrals with
moduli « and «" is $a.%

Hence [2, 0] = 4.

It seems unnecessary to reproduce the simple algebra involved in the successive
reductions, and I theretore merely give the results, as follows :—

[0, 2]=[2, 0]=1n (2, 4]==[4, 2]=1L . Lo
—[0, 4]=[4, 0]=3 (€ —"). b —[2.6]=16, 2]= 5’5 (¢ —K?) 2.
[0, 61==[6, 0= ' (8 —281"). 3o [2, 81=[8, 2= 5 &, (24 = 7 1) .y

—[0,8]=[8,0]=35 (K=K (6 —11k2%"). 4o

[4, 6]=[06, 4]="1 k",

(&

T [6, 8]=]8, 6 |=4 xS Lur

—[4, 8]=[8, 4]__,_,( — i 't L

These are the only functions of this kind which are needed for the evaluations of
integrals in this paper.

* See for example Duniicr’s < Theorie der Elliptischen Functionen,’ p. 293.
Q2
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116 PROFESSOR G. H. DARWIN ON THE INTEGRALS OF THE
When these functions are introduced into (1) and the terms re-arranged, I find :—

. Amlk? cos Beosy _

) G B
Ag-—gxawAﬂ-+%K%%A2—_~KKwA b KA —

9 (k= k) [, — 2 APA Ay A P A Ay — A

[HQ@-W&MAA [L(4.6) — 5% x4, A,

L2 [L(6.8) — T2 kA A A, —

2 (10— )2 5 (3.5 (1= k) = 3) Ay, 3 (5.7 (1— ) — 8) kP A,

17 (cos

35"

[‘2(8.10) 9% kKB A Ay ..

‘)]1

+ o+
\ll\) wi!@

At (7.9 (L KR — 8) ik, .

5.7.9.11

+’17€f§7‘77§(192—816'{2'(/ -+ DZJKK)AO/I e e e e, (2)

In this result a good many terms are added which are not deducible from the table
of functions given above, but every term as stated here has actually been computed.
The laws governing the succession of terms in the first six lines seem clear, but 1 do
not claim that the proof of the laws is rigorous. 1 do not perceive how each series
is derived from those preceding it, and [ have no idea how the series beginning with
dyd, would go on. With sufficient patience it would no doubt be possible to
determine the general law of the series, but 1 do not propose to make the attempt at
present, since we have more than enough for the immediate object in view.

This result (2) is, of course, equally applicable to the integrals of the type 1 (sin).

In order to effect the vequired integrations we must define the functions, and I
take the definitions (with a tew very slight changes) from § 2 of “the Pear-shaped
Figure.” In order to use the precedinO' ‘malysiq 1t 15 necessary that the square of the
P-function and the squcu e of the cosine or sine function should be the same functions
of &% cos® @ and of — «? sin? ¢, But as in the definitions to be used this symmetry
does not hold good, a difficulty arises, which may, however, be easily overcome. If
the P-function be multiplied by any factor /, and the cosine or sine function by any
factor ¢, the integral will be multiplied by f?¢* | therefore introduce such factors
/ and ¢ as will render the vesidual tactors of the squares of the P and cosine or sine-
functions symmetrical in the proper manner,

1t seems desirable to show how the results found here accord with the approximate
integrals as found on pp. 548-9, § 22, of ¢ Harmonics.” In this connection 1
i cos B cos y

sin® B ’

~— 1) [ j——@ , o factor which 1 denoted in that paper by M.
— B paj Y

1t does not scem necessary to give full details of the analysis in the several cases,

remark that when written in the notation of “ Haymonies,” is
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SQUARES OF ELLIPSOIDAL SURFACE HARMONIC FUNCTIONS. 117

since 1t is sometimes tedious, and it merely involves the substitution in the formula
of the values of 4, 4,, 4,, &ec.
We will now take the several harmonics successively.

Harmonic or T ORDER ZERO.

This harmonic is simply unity, so that 4, =1 and all other A’s vanish. The
formula 1s

dark? cos B cos
I, §) = . e .
) ooy = 7 oo (%)

This 1s obviously right since the integral is [pdr, of which this is the known value.

Harmonics or 1HE FIirsT ORDER.
Here we have all the A’s zero excepting A, and .4,, and when the functions have
the proper symmetrical forms, we have from (2), '

[cos 4ak?® cos Beosy 4 o 0.0 49 1 8 (.9 R :
£ (siu) - Aéin3l%"“”y{f"lu” — 5 kKA P 4 (= k) ], (s =0, 1),
(1) The Zonal Harmonaic.
I define this thus,
P (p) =sinb = f. (& — «*cos® O, 1
Ci(¢) = (1 — «?cos’ ) == g. (k¥ + «? sin® )}, J
where f = ]', g =L
K
On squaring P, (p), it is clear that

A, = K, A = — L.
Whence 1 tind
: 47k cos B cos
1 COS) = [ JV-.. ! D 1/ A ffzrgng
1 (e0s) 3sin® B ST
Since with definition (4) f*¢°® =1,

dk? cos B cos
]‘(CUS)::“miﬂsi;f,f:!wl e (B,

In “ Harmonics” this harmonic is defined by

P =) =p; Ci(p)=( —Beos2¢) . . . . {6).
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118 PROFESSOR G. H. DARWIN ON THE INTEGRALS OF THE

Now we must take for f and ¢ values such as to bring the two definitions into
accord. This is the case if

j=le=a/TE = s

and g’ =14 B.
Hence
47M

I ]

agreeing with the result on p. 549 of “ Harmonics” for the case 2+ =1, s =0,

type OLC.

I, (cos) =

(2) The Sectorial Cosine Harmonac.
1 define this thus,
Pl(p) = (1 — &sin® 0) = J. (K* -+ «*cos® 0)},
@, () = cos ¢ = g. (K — ?sin? ),
. . 1
where f=1,¢9 = o
By symmetry '\rvith‘the last result
R 3 o ]
47k? cos B cos y g

Al cos B cos y {9)
3 sin® B - |

3 sm® B

1! (cos) =

In « Harmonices” | defined the functions thus,
LB )l
s g ) 4
N 1 — ,8) _ (*1_ B 1By Q9>
Plp) =1 (M\ L g\ gtinl) l} . (10).

@ (4) = cos § | J

It we take f= < +pB ) , gk’ = 1, the two definitions agree, and we have

L~ B

111(005)2;;ﬁ351_ﬁ‘|»fgz;ﬁM(x. FuB 2B .. .. (1),

This agrees with the result on p. 549 of Havmonies” with ¢ = 1, s = 1, type OOC.

(8) The Sectorial Sine Harmonic.
1 define this thus,
P, (p) = cos 0 :::/ K cos 0, 1
() =sing =g,/ — Lsin, [
~ } -
W/ — 1

(12),

.
where ff= ", y =
K
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SQUARES OF ELLIPSOIDAL SURFACE HARMONIC FUNCTIONS. 119
On squaring 3,! we find 4, =0, 4, = 1, and

. 4k cos cos 47k® cos B cos ;
[} (sin) = 38111?3 T (= ) = 3%1»11%8[3 Yo (1)

In ¢ Harmonies” the definitions were the same, and therefore

eny=4"M L (1)

21
)

This agrees with the result on p. 548 of “ ITarmonies” with 7 =1, s = 1, type OOS.,

HarvoNnics OF THE SECOND ORDER.

In these the only coefficients are 4, 4,, 4y, and (2) becomes,

[s(c<)s>__:47rk3cosﬂcos'y(/1 e LA LA

" Asin sin® B
b3 (e ) Ay = (6 = k) A A 2 (4= 9) 4]

with s = 0, 1, 2.

(1) and (4) The Zonal and Sectorial Cosine Harmonies.
These are defined thus,
P () = k*sin® 0 — 7,
CrP) =" — Ko, (5=10,2)

(15),

where ¢ = %[1 4 «* F (1 — «%*)*], with upper sign for s = 0 and lower for s = 2;
and ¢ =1 — ¢
Writing
=1 — ?=q¢? — ? =1 — ? (1 — ),

Py () = - (£ — & cos? ), )
€ (9 =g. (0 + Psin®g), (5=0,2) )

where f=1, g=1. It may be noted that #* is a symmetrical function in «
— k2

Squaring 3,* we find

. (15),

? and

AO = t4, 4’41 = 262’, A2 = 1?
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120 PROFESSOR G. H. DARWIN ON THE INTEGRALS OF THE

After reduction I find, for s = 0, 2,

17 (cos) = darl *’)C(:if cos y (88— 4 (1 — W) 10 2% (4 — 19,27 ¢

o (6 = W) P A Lt
Now .
812 = k¥~ 1?4 (1 — ),

9tt = 2 — 5ik*k® 4 2 (¥ — &) (1 — ?),
2700 = (4 = T (= &) o (4 — 19 (1 = 0,
8118 == 8 — 40k 4 4 1ick = 4 (2 — 5i,?) (17 k) (1 — 1),

Whence on substitation, with j%¢* == 1,

3 S, OB , ‘
1y (COS) = 477]6 502;’5508 v, g [(l e KQK,'Q)2 - (’l. -} Lie%?) (Kg s K,Q) (1 e ICZK,Q)%} . (16).

The upper sign being taken for the zonal (s == 0), the lower for the sectorial
harmonic (s = 2).

’

If these expressions be developed in powers of «" as far as three terms of the

series, I find, on re-introducing the factor /*¢?,

.3 . O
I, (cos) = Amic’ cos B cosy 2 (1= 2k 4 2L %P

” o . K
hsin® B ht 1o

47TM Z .
L= ABERY) (1),
477A cos Beosy ) " .
12 (o) = TSR BEBT (1= ). S
_4=M /7 28

A A C 6) (1 —2B4+128%). /2% . . . . (18).

In ¢« Harmonics” I made the following definitions

Py () = Py(p) — 4BP2 () = 1 — §(1 + B) cos® 0
G =1 — Bemzp =1~ 1+ iBsip

In order to make the two forms of definition agree we must take

=1, =138

(19).

ThUS
o o 1 P 9
f g = fq (1 — 5,8 - ?,8‘)

Now on development

B = ()10 = 5 ) = (1)1 — 108 4 1)
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SQUARES OF ELLIPSOIDAL SURFACE HARMONIC FUNCTIONS, 121

Whence
S = @) (L4 T8 + 4B).
Introducing this T find

1, (cos) = 4rM

B4 L (20)

agreeing with the result on p. 549 of “ Harmonics” with 7 = 2, s = 0, type EEC.
Again in “ Harmonics”
P' (k) = 3BPy(p) + Py*(p) = 38+ 3 (1 — §B) cos® f, (21)
: 21).
€12 () = 1B + cos 2¢4 =14+ 18— 2sin?¢

In order to make the two definitions agree we must take

Se=—3(1—38), g =2
or :

f=—a0+e-p) g=2( 1A

o that g = 2230 (1 BPY (1 4 B 1)

Introducing this in (18) we have
I2 (cos) = 471TM. 120 =8+8) . . . . . . (22,

agreeing with the result on p. 548 of *“ Harmonics” with 7 = 2, s = 2, type EEC.

(2) The Cosine Tesseral Haormonic.
These are defined thus,—
P.' (n) = sin 0 (1 — «?sin? ) = f. (k* — «* cos? 0)F (k> + «° cos?® ), (
G, (p) = cos ¢ (1 — «* cos® )t = g (k* + & sin® ¢)* (k* — «* sin? qS)*,}. (22)

where f = i, g= o

Squaring P,! we find
Ay=1%"? 4, = (¥ —«?), 4, = — 1.

On substituting in the formula, I find, on putting /?¢’«*«* = 1 and reducing,

- 4mk? cos B cos y
I o ST COSPOOSY o (24).
2 (COS) 5 sind 'G 3 ( )
VOL. CCIIL—A, R
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122 . PROFESSOR G. H. DARWIN ON THE INTEGRALS OF THE

In “ Harmonics” the definitions were

L+ B o\t ]

R Y —B .\
Pyt (1) = <1”’"‘- B > Pl (p) =3 <]+§> sin 0 (1 - } +g sin® 0) L (25)

_ : \ x h .

O = (1 — 8o 2 con = (14 By o (1 = | 2B o)) |

\

In order to make the two definitions agree we must take

so that [ = 3° L+ 8 3% (1 + 38 -+ 48%). On multiplying (24) by this

factor, we have

.[Ql(cos)=457zM.3(l+3[3+4B’3), Co L (26)

agreeing with the result on p. 549 of “ Harmonics” with ¢ = 2, s = 1, type BOC.

(8) The Tesseral Sime Harmonic.

This is defined thus,—

P, (1) = sin O cos 0 = f. kcos 0 (k* — «* cos® ), } (

27)
S, ($) = sind (1 — kP cos® p)f == g . \/ — L« sin ¢ (i + £ sin® ¢,

where [ = 55, g = K“,“\A/]-_.. .

Squaring 1,' we find
: Ay =0, 4, =" A= —1

whence, on putting — f?¢'«'«? = 1,

[,! (sin) = 47;6?;2;5205; Y % (28)
In “ Harmonics ” the definitions were
1, (p) = P,' (1) = 3 sin 0 cos 0,

S, (h) = sin (1 — B cos 26) = (1 4+ B)}sin ¢ (\ L ‘T’B cos? (,,f (29).

Therefore, to make the two definitions agree, we must take

fé =3 gy —1=(+8B)
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SQUARES OF ELLIPSOIDAL SURFACE HARMONIC FUNCTIONS. 123

Therefore — g%’ = 3* (1 -+ B), and on multiplying (28) by this factor we have
I 1 (et . 47
g(sm)__—gM.S(l—h—B),. Y €10

agreeing with the result on p. 549 of ““ Harmonics” with ¢ = 2, s = 1, type EOS.

(5) The Sectorial Sine Harmonic.
This is defined thus :—
Py? (1) = cos 8 (1 — «*sin? 0)?, |
2° (¢) = sin ¢ cos ¢. ] '
Tf in the last integral we had written 4w — 6 for ¢, and 47 — ¢ for 0, and « for «,
P,! would have become £,?%, and 8,' would have become P,%. Therefore the result (28)

gives what is needed by merely interchanging « and «'.
Therefore ’

(31).

. 47k? cos B cos
I (sin) = ’TSSme oL (82)

For the purpose of comparison I must put
P> (1) = f. kcos 0 (c? + k*cos® 0):, 22 (p) =¢./— 1k'sin¢ (? — *sin*¢p)}, (31)

and 1,? (sin) = dk 5C§fnl§ OSY (— 3%y ... (33).

In “ Harmonics” the definition was

)

LB e\ )|
S g L e I (b 2

8,2 (¢) = sin 2¢ = 2 8in ¢ cos ¢. J

Thus — f2™* = 22, 32 L+ /Bf introducing this in (33) we have

I (sin) = 2™ 19 Gig) 472M 12(1+28+28) . . . (35)

agreeing with the result on p. 548 of “ Harmonics” with ¢ = 2, s = 2, type EES.
R 2
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124 PROFESSOR (. H. DARWIN ON THE INTEGRALS OF THE

Tar HarMoNios or TER T'HIRD ORDER.

In these the only coefficients are 4,, 4,, 4,, 4;, and (2) becomes

ro/cos\ _ 4mk® cos B cos y R ]
s — ATRTCOSBCOSY ¢ go 1 29490 1 1 4042 1 ,6,7642
(\Sin> - sin® 8 LA = 3P4 T = g i,

+ 2 (K~2 e K’g) [’;‘1{ 44.0[1 17 "]_“2“5‘ KgKlelAQ/ + '3§5" K‘i‘K,‘LAQAS:)

+ % (4 — 9% Aydy — 785 (12 — 25k%?) K64, 4,

i 1 — i) (4 — 56%) Agdy) (s=0,1, 2, 3).

(1) and (4) The Zonal and Second Tesseral Cosine Harmonics.
These are defined thus:—

P, () = sin 0 (k* sin®  — ¢?) l

r (36)
Cy (o) = (9% — K cos® §) (1 — k? cos® p)t, (s =0, 2) )

where ¢ = 3 [1 4 «* F (1 — ]« + «*)}], with the upper sign for s = 0 and the lower
for s = 2. Writing
P=i— =g — K?
= 3 = 2 (4 = 7 0] = AL — 3% o (1 — o 4]
Pyt () = F. (2 — kP cos? 0) (€ — ® cos? O), |
Gy (¢) =g . ( + «?sin’ @) (i€ + 2 sin® d)F, |
where [ = 1—, g =1.
K

(37)

Squaring 33, we find
Ay=the*, 4= — (24 )8, Ay=20°+ k% Adg= —1.

After some rather tedious reductions I find (for s == 0, 2)

13 {cos) = 47']6?51053%00” K518 — % (1= BP) 10 85 (4 — 25K o 33,
F s (= 5 ) S
Now writing D = (1 — «? + 4«*),
52 = | — 3% 4 D,
52t = 2 — Ti? 4 13 + 2(1 — 3«7?) D,
B30 = 4 — 21K 4 48k — 630 4 (4 — 19 4 316%) D,
5108 = 8 — BOK? + 1776 — 314x6 4 3135 + (8 — 521* 4 1364 — 156x%) D,
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SQUARLS OF ELLIPSOIDAL SURFACE HARMONIC FUNCTIONS. 125
On substituting these in the above expression, and noting that «*/?¢? will be unity

with the definition adopted, I find

I, (cos) = 47;7;30({%,53»(_308 v, ‘f; DI(1 = 5c") (1= * = 56*) + (1 — k" + 3) D],
7sin® B 5 (38).

1,? (cos) = the same with the sign of D changed.

If these expressions he developed in powers of «’, and if the factor «*f2g?® be re-
introduced, I find

dk® cos B cos N o A S
I (eos) = T CBBEY ()1 (1 — 22 4 4109 2P

4: 9\ 4 5 O P <
=T MEN (1 =48+ B). S

- 4k? cos B cos y : . o
2 — (] = 2 BL ) 2022
132 (cos) = 7ot B 515 K1 — k? 4 36 B

= ST s (1 — 2B 4 5 B).

In “ Harmonies” 1 defined,

P (0) = Py (1) = 4 B8P (i) = sin 0[5 sin® 0 (1 + 3 8) — 3 (L + 5 B)]. (39).

In order that our previous definition may agree with this we must have

S =R+ 1B, S =0 +1)
Now =14 = 2% — /(1 — «? + 4] = 3[1 — 3% — § 1]
= (1= B =1
whence fx = 3 (1 + Z 8 + 58?), and this value of fi satisfies the second equation.
With regard to C,(¢) there is a mistake in the table (the only one I have detected
therein) on p. 556 of ““ Harmonics,” for the coefficient of the second term should rot
be 88 but §B8. The mistake obviously arose from my using the formula for p,

instead of that for p/, as given on p. 490.
With the corrected coefficient the definition is

C; () = (1 — Bcos 2¢) (1 — 35 B cos 2¢)

=1+ B8y (1 + 38— 5B d) (1= 2 poosrg]

In order that the previous definition may agree with this we must have
99 = (1L + B (L +3B)=1+38+ 58,
gk”® = 5B (1 + B).

(40).
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126 PROFESSOR G. H. DARWIN ON THE INTEGRALS OF THE
But gP =1 =gt = (0 38 4 B, and thence
g=5(+18— Y B
This value of g will be found to give the correct value for g«
Then S = (@ (1 + 58+ %0 B)
and Fige = (9 (1 + 108+ 135.)

Introducing this into the value of 1, (cos), we find
I, (cos) = 47” M(L4+68 41567 . . . . . . . (41)

agreeing with the result on p. 549 of “ Harmonics” for ¢ = 3, s = 0, type OEC.
Again in “ Harmonics” 1 defined
o

D7 (8 = 15BPy (1) + P () = 155 0[1 — 38 — (1 — 38)sin® 6] . (42)
To make the former definition agree with this we must take
JriP= = 15(1—36), f = —15(1 —4B).
In the present case
P =14 = 2 4 (1 = K 4] = 1 2 B Bk
=1 =B+ if— iR
Omitting the term in B8* we find, with this value of ¢,
Je = —15(1 — £B — 38?), and that the second equation is satisfied.
Again 1 defined

1

G, (¢) = (3B cos 2¢) (1 —B cos 2¢) = (14 B)*(2 cos® p—1 44 )(1 — {%{'BB cos® 9[)) (43).

Hence to secure agreement we must take
99" = — (1 =3B (1 + B) = — (1 — B — LB,
gr? = — 2(1 4+ B).
Now ¢? =1 — ¢* = B(1 — 38 + 3B, and therefore
1 ; :
g=— (1 +18 + §8)

The second equation is satisfied.
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SQUARES OF ELLIPSOIDAL SURFACI HARMONIC FUNCTIONS. 127
We have then
f292K2KI4 — 9% 82, 52(1 + 18) (1 — /8 — 245_,83) — 2% 82 52(1 — 0. B — 247,[))2).
Introducing this into the value of 1% (cos), we find

[f(cos)=4’17M.3.4.5(1—-2B+3,82). L (4a),

agreeing with the result in p. 548 of “ Harmonics” for 2 = 3, s = 2, type OEC.

(2) and (6) Furst Tesseral Cosine Hurmonic and Sectorial Cosine Harmonic.
These are defined thus :—
Py (1) = (*sin? 0 — ¢*) (1 — «?sin? ), ,
(45),
@ (p) = cos ¢ (¢'* — k*cos? P), (s =1, 3)

where ¢* = § (1 + 2« F (1 — «* + 4«*)’), with upper sign for s = 1 and lower sign
for s = 3, and ¢* =1 — ¢%
Writing ¢* = «* — ¢,

P () = f(t* 4+ «®cos® ) (K* + & cos® 0), (46)
T () = g (1 — k?sin® ¢) (¥ — K sin? $)* ’
where f= — 1,9 = —-1~,.
K

It is clear that [Py (u) @ () (s = 1, 3) has the same form as [ (1) Cy* (¢) (s =0, 2)
when in the latter we interchange ¢ with }= — ¢, and « with . The interchange of
the variables of integration clearly makes no difference in the result, and therefore we
need only interchange « and «’, and replace ¢ by ¢

In the present instance

P=Kk?—=q?=¢ — ¥ =1 — 3 F (1 — «* + 4c*)].

This shows that ¢ is the same function of «* that * was of «*, but that /,'(cos) is
analogous with /;?(cos), and I* (cos) with /,(cos). Thus we may at once write down
the results by interchanging x and «" throughout.

Let D = (1 — «* + 4it).

Then putting «2f%g> = 1, we have by symmetry with (38)

3 9 3
1} (cos) = 4"767‘3;’;?,5% L E D1 = &+ 3) D — (1= 1) (1 — i — §4)],

I3 (cos) = the same with the sign of D’ changed.

ben
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128 PROFESSOR G. H. DARWIN ON THE INTEGRALS OF THE

It these expressions be developed in powers of «' I find, on reintroducing the
factor «*f??,

: I3 f ( o)
1,1 (cos) = 4wk’ cos Beosy 27 (1= 95" +

7 sin® B 3.5 256 k) Y

4.77 27 ( 34 ¢ ) 50009
= 3 M. 5 5 (1 — 9B+ 54 6. g,
3 Y a o T 9 19 o
12 (cos) = 47?—]"779:518 EOS R = B LR L,
477 1 / \? 375 09 3
— _‘ j — g, ,/,9_
7 e oit ) S

In “ Harmonics” 1 defined
/] + B _ 2\\‘}

1 — & I
Py (1) = ’\l 1 _'_8_ Mg / [P (1) — B+ 58) PP (p)],
=17 (1= TBsie) (1B i 0 (1 418+ 8)~ (140 B+138] (1),

But we have defined it above by
P.t () = f (1 — «?sin® B) (i sin® & — ).

m » ) 5 1 U
Therefore St =1 <1 j: ’g> (14384448,

j(lz_____z(T +I/g> (1423 B+ 238,
=3 =43 = (= BB = o)
Whenco /= ' (14 % B+ 43 ).
This value also satisfies the expression for fi
Again I defined
&' (p) =cosp — 56 (1 4+ % B) cos 3¢,
=cosp |l + B+ 4 =3B+ 3B cos*h] . . . (49).

But we have defined it above by

mg—

Now ¢* =

@, = gi’ cos ¢ (* cos® p — ¢).
HP= = (AR = — 1L+ ER)
With the above value for ¢* we have ¢ = % (1 + § B + %+ 8°); whence
g’ = =1 (1 + 1B+ §1 8

Theretore


http://rsta.royalsocietypublishing.org/

VA\
/s
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

a

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

SQUARES OF ELLIPSOIDAL SURFACE HARMONIC FUNCTIONS. 129
Therefore f2g%® = i?»-n 4413 4 2331 8% and T find
L} (cos) = 7 TM.6(14+23B84+2578). . . . . . (50),

agreeing with the result on p. 549 of “ Harmonics” with 7 = 3, s = 1, type OOC.
In “Harmonics” T defined

(48 a0
Paw=\ETE o ) LB+ 18) Py () + 1w
=l5<1-—14__§sm20>[l+ B4y B—sin?0 (1 4+ §8—%3B)] . (51).

But Py (k) = f (1 — «*sin® 0)* («? sin® 0 — ).
Therefore fid = — 15 (1 + B —438%), [fiP=— 15 (1 + LB+ % B

Now P =1 égK 236 e 31 K’
Therefore P=1—3B+ 2 Bz, and

S= =15 (1 442 B+ §287).

This also gives the correct value to fi®

Again €2 (¢) =B (1 + §B) cos ¢ + cos 3¢,
=cospldeos® =3 (1l —LB =B8] . . . . (52)
But @€ (¢) = g’ cos ¢ («” cos® b — ¢2).

o n _
Therefore gx’ = 2 and g’ ¢% = 3 (1 — LB — % ).
If we eliminate g«’, these equations give the correct value for ¢

60 3 ( 9
Then fogx' = — 2 (L+% B+ 858

Therefore

a9 9 3'./ 4~
f“{]‘K’“ K,@” ([-—}- 19[8 {_637B2)

Hence we find

.[j‘(cos):4-7;Mi.360(1+;l7_—,83+%~g} Do o (53,

agreeing with the result on p. 548 of “ Harmonics” with 7 =3, s = 3, type OOC.
VOL. OCIIL—A., 5
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130 PROFESSOR G. H. DARWIN ON THE INTEGRALS OF THE

(8) and (7) First Tesseral Sine Harmonic and Sectorial Sine Harmonic.
These are defined thus :—
P (1) = cos 0 («* sin* 8 — ¢%), }
$¢ () =sin (g — e’ §), (=1, 3), |

where ¢* = ¢ [2 + «* F (4 — «%?)}], with the upper sign for s = 1, the lower for
s=3,and ¢? =1 — ¢~

(54)

Writing P=r— g
Py () = f- kcos 0 (1 — i cos? 0), )
N (1))
S5 (d) =g. K /= 1sin ¢ (1 4 «? sin® §), |
. L
=TT

Squaring 38, we find,

where f'= .1, g
K

Ay,=0, 4,=1t", 4,= - 2%, A= 1.

On substitution in the formula for harmoniecs of the third order 1 find

. 3
Iy (sin) = dwl ;0;%00_5 VA6 — 85 (1 — k) 10 + 135 (12 — 67:?) ¢
+ %% (K2 — K/,‘Z) K2K12t2 + 717‘ K‘}Kﬁl] (—'fzgszK,i).

D= (1 — L%,

If we write
£=1—2" 4+ D,

52 , ~ . : S
=3 th = 2 e LT e 2 (I — 2% D,
Sod

53

[ R 5 2 9

0 10 == = O P e 100 (4 — A2 ) D,

5t . g ; . : 4

I8 Bk ST — R D (8 — 26K 4 5L — 3447) D,

RIS — 1
b

On substitution I find, on putting — /¢«
e 4al® cos B cos 28 e 1 )
It (sin) = - Teint B Xz, 3. 5 [8 — 1dr®k® + Br E
{

o+ (1 — 1) (8 + 363) (1 — )] [ (56)
|
J

12 (sin) == the same with the sign of the square root reversed.
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SQUARES OF ELLIPSOIDAIL SURFACE HARMONIC FUNCTIONS. 131

Developing these expressions in powers of «?, reintroducing the factor — f2¢**"?,
and reverting to the notation of * Harmonics,” I find

4wk 27 ¢ ,
1} (sin) = *™ ;:}i’?gos R (1= T2 380 (= 9%
47M 27 .
o T A (1 — 18 323 B) (— [P

7 3.5t

.3 ¢
I i) = 47E S8BT 1 (1 L ) (= )

ane K
=T (0 = B R B (= ).

In “ Harmonics” 1T defined
B! (w) = P (p) — %6 B(1 — 3 B) P (1)
=10 cos Osin*0 (1 + 48 —%5B)— (1 + 3B —=458)]. . (57).

To make our former definition agree with this we must take
feod =548 =B S =30+ EB— 1B

Hence fic = 15 (1 4+ X728 + 4% B2
It will be found that ¢* =1 (1 — & B + % B), and that fi.¢? has the above form.
Again I defined

21 (¢p) =sinp — B (1 — $08) sin 3¢,
=sin¢p[l — B4+ 4567+ 3B (1 — )sm2 é] . . . (58).
To make our former definition agree with this we must take
g/ — 1.2 =1— 188 + 4587
g’/ — 1.k% = 3B8(1 — 2B).

It will be found that > = ¢ (1 — 428 + L515%).
Whence gx'y/ — 1 = §(1 + ¢ "*“BZ) and g«’y/ — 1.«* has the correct form.
Therefore
3. 5%
Jor!\/ — 1 = “os (1 + 128 4 L4547

202l = 3%. 5t 19 65122
— SR = - i (1 + 428 + %4B°).
Whence
. 4 ) .
]31(3111):»'7—77—-1\4.6(1+%,3—-—16—B) Coe e (D9),
agreeing with the result on p. 548 of “ Harmonics” with ¢« = 3, s = 1, type OOS. - ‘

s 2
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132 PROFESSOR G. H. DARWIN ON THE INTEGRALS OF THE

In “ Harmonics” I defined
P (p) = B = IB) Pt (1) + P (),
=15cos O]~ (1 — 1B -} 458%) sin* 0 - 1 — 2B + %B°] . (60).
In order that this may agree with our former definition we must take
Jieod = =151 = @B+ 536,  Je.® = — 15(1 — {B + 5%8).
Whenee fk = — 15 (1 4 {8 — 438%).
It will be found that
=1 - 18+ 18,

so that fic. ¢* has the correct form.
Again T defined

$2(4) = 1801 — 48) sin & -+ sin 34,
=3sin¢[1 4 LB — F4B — &sin*p] . . . . . (61)

In order to make our former definition agree with this we must take
g’/ — 1.8 =3 (1 4+ 8 — 2557, g’/ — 1. K= — 4,

Therefore gr'y/ — 1 = — 4,
K

It will be found that ¢ = — 2«7 (1 + 1B — %6, so that g’/ — 1.¢* has the
correct form.

Then
3.4.5 : 5
Sy /= 1= =200 (1 48—~ 38,
and
9o 00 _ 30,4757 1 43
— pree = T4 (1 18— 138).
Whence

M
7
agreeing with the result on p. 548 of “ Harmonics” with 7+ = 3, s = 3, type OOS.

L (sin) = B60[L — 4B+ 1681 . . . . .. (62),

(5) The Second 1 esseral Sine Harmonde.
This is defined thus :—
P, (1) = sin 0 cos 0 (1 —k?sin*0)* = f. k cos 0 (k*— k? cos? O)} (>4 «? cos® O)E, }(63)
S:2(¢) =sinpeosd (1 —r2cos?dp)t = g. 1/ — Lsin$ (¥ k?sin P)* (k" —?sin* $)},

1
where f = o0 97

1
K2/ — 1
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SQUARES OF ELLIPSOIDAL SURFACE HARMONIC FUNCTIONS
Squaring P,* we have
Ay=0, A, =7 A,=*=—«? 4d,=—1

Therefore

4 1 6

(k¥ — K*)? k' P

(sz___ K2)? it

47k® cos B cosy -
12 (cos) = v i’ B [ L™ ]

15 (k7 = e

/2)? Ayt e _5-

Reduecing this expression and putting — /?¢*«'«™ = 1, we have

4wk cos B cos
13* (cos) = 7 sin3 B3 7. 55

In “ Harmonics” 1 defined

/] + B E ; 1 L
. . 1 1— .
P2 (n) = (\]?—,[_3. - M) P2 (p)=15 Q]_ jg/) <1 L g sin® 0) cos 0 sin 6.

To make our former definition agree with this we must take

it =15 <]i|21§>
Again I defined

8.% (¢) = (1 — Beos 2¢)! sin 2¢ = 2 (1 + ,8)( ZE— 4)) sin ¢ cos ¢.

T+A
To make the former definition agree with this we must take

gt/ — 1 =2(1 4 B

Therefore
Jok?/ —~1=2.3.5 8 :t :g;%’ and
— Pt = 22, 82, 52(11"_"_'%) = 92.3% 5%(1 + 38 + 48,

Hence in the notation of “ Harmonics”

I (sin) = 4";1‘4. 3.4.5 (1 + 38 + 48,

133

+ 125 (12 = 25 . 2) k4Y) . 2R

(64).

(66).

(67)

agreeing with the result on p. 548 of ¢ Harmonics” with ¢ = 3, s = 2, type OES,
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It may be convenient, as furnishing a kind of index to the foregoing investigation,
to state that the 1 -8 -4 5+ 7 integrals for the harmonics of orders 0, 1, 2, 3 are
given in equations 3, 5, 9, 13, 16, 24, 28, 32, 38, 47, 56, 64, corresponding to the
definitions contained in 4, 8, 12, 15, 23, 27, 31, 36, 45, 54, 63.

The definitions of the harmonic functions as given in my paper on Harmonic
Analysis are repeated in 6, 10, 19, 21, 25, 29, 34, 39, 40, 42, 43, 48, 49, 51, 52, 57,
58, 60, 61, 65, 66. Corresponding to these latter definitions the approximate
integrals are given in 7, 11, 14, 20, 22, 26, 30, 35, 41, 44, 50, 53, 59, 62, 67 ; and the
results confirm the correctness of the general approximate formule for the integrals
given in § 22 of the paper on Harmonic Analysis.

A mistake in that paper was detected in the value of the cosine-function for the
third zonal harmonie, and the corrected value is given in (40).

It must be obvious that the method exhibited here may be applied to higher
harmonies with whatever degree of accuracy is desired ; but it is also clear that the
labour of evaluating the integrals increases very much as they rise in order. It is
probable that the approximate results of the previous paper will suffice for most
practical applications.

APPENDIX.

On the Symmetry of the Cosine and Sine-functions with the P-functions.

In my previous papers I failed to notice that the symmetry between the P-functions and the cosine and
sine-functions is not destroyed, but is only masked, in the approximate expressions for the harmonic
functions.

For example, (39) shows us that

Py (1) = Ps (1) - 3 B (1),

therefore, in consequence of the symmetry which subsists, we ought to find

Cow=ra [(1=F 2] - e [ R

18 J 1 ""18 /o
. 1-Bcos 24\ (1 - cos 2¢) s s 3
Now Dy [( 18 /\] =1 py (L+3B—20 cos 2¢),
(T R ST
Whence ‘ P
C: ($) = (1 +&[EE)$2/B) (1 =3 cos 2¢) (1~ 2 cos 2¢).

This only differs by a constant factor from the expression (40).

It would be possible then to have only one type of function, viz. 3 or P, and to express all the cosine
and sine-functions by means of the appropriate one of them. This would be found to be equivalent to
expressing the latter functions in terms of powers of sin ¢.  For the purposes of practical application I
do not think this would be so convenient as the use of cosines and sines of multiples.of ¢, and the
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advantage of using only one type of function would not compensate for the loss of convenience in the
result. Accordingly I do not think it worth while to undertake the very laborious task of revising all
the analysis of ““Harmonics” from this point of view.

I may mention, however, that I have gone far enough in this direction to feel pretty confident that, if
this new form of developing the cosine and sine-functions were adopted, the remarkable coincidence,
mentioned in the footnote on p. 547 of “Harmonics,” as to the form of the integrals of the squares of
surface harmonics would become explicable.

POSTSCRIPT.
[ December 24th, 1903.]

Mr. Hossox has shown me how these integrals may be evaluated by a simpler
method of analysis, without the intervention of elliptic integrals. As an example of
the method he suggests 1 take the integral /, (cos) evaluated above.

The solid ellipsoidal harmonics are given, except as regards a factor, in § 3 of
“The Pear-Shaped Figure.”

In (19) of that paper we find

5 o .9 ) k? 9 o |
S, =1, (») P. (1) €, (p) =4 [92” + (1 =2¢%) 9 — ¢ + P (f‘],z‘ln
where A4 is the factor to be evaluated so as to agree with the definitions

P, (v) = * — ¢, P, () = & — ¢, €, (¢) = ¢* — «* cos® ¢.

The ellipsoid over which we desire to integrate is defined by » = s111; -, and the
Kk SHLY

extremity of the ¢ axis is defined by p =sin = 1, ¢ = L 7.
Hence at this point
S, = (eosec® y — ¢°) (* — ¢°) ¢

But at the extremity of the ¢ axis
..k -
T ksiny’
Therefore
Iz

(cosec® y — ¢*).

2

12 9.,/2 2
(cosec®y — ) (< — @) ? = A (= 0 - 49 07) = —a®1

Therefore 4 = — EiQ‘fi:Qi), and
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Let us assume

g_]pcos-yé lebé::/ceos_ﬁ =,,k,

b : 3 Z:@Z . X
K SHl‘}/ K Sin Y KSlH’y

Then when w, ¥, z is on the ellipsoid we have

£ b+ =

Thus we may regard & 7, { as the coordinates of a point on a sphere of unit
radius, or as direction cosines, if it 1 more convenient to do so. On substituting for
x, 1, z their values in terms of £, 5, { we find

Sy = (cosee’y — ) (* = ¢) [= °€* — (1 = 2°) " + ¢°C')

On performing the same operation to the points on the boundary of an element do
of surface of the ellipsoid, we find

17610‘ — abedw = / COoSs ,g cos 7y Z
gin B

where do is an element of the surface of the sphere of unit radius, or an element of
solid angle.
Since on the surface of the ellipsoid 33, (v) = cosec® y — ¢, it follows that

Po (1) €5 (d) = (¢ — ) [— 6 — (1 — 2¢°) " + ¢*C]

Hence

y 5 NS T “0
I eos) = EEBLESY (¢ — g2 [[— 8 = (1= 2+ P o

It is easy to prove that

'(61- do = -(77‘1' do = [é’ do = 4;' ’

ngz do = ngg do = ( 7 dow = if

5
Theretore

Iy (oos) = *7F BB ST (e — P[0 4 3(1— 207 + 50" = 20° (1 = 29)
+ 20" (1 — 2¢°) — 29°"]
4:71']{3 CO@ﬁCOS'y 4 (.2 2\ (- Q9 12
o ST COSPOOSY a0 I — 3¢%").
R R A G )
On substituting for ¢* its value, viz, 4 (L« — (I — )) and effecting
reductions we arrive at the result given in (16) above.
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It is obvious that this process is considerably simpler and more elegant from the
point of view of theory, but to carry these operations through for all the integrals
given above would entail a good deal of algebra. 1 think indeed that the work
might not be very much less than what I have already done.

Mr. Hossox has further remarked that all the integrations may be avoided by the
following theorern :— .

If F, (& m, {) be a solid spherical harmonic function of &, 7, { of degree n,

!

[[F. (6 n, OFdo = 4 22"

e 2 B\ s
20t 117 log 3y ag) P& O

o’ 9L

Considering, however, how simple are the integrals involved in his first method, it
may be doubted whether this would save trouble.

VOL. CCIIL.—A. T
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